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Abstract. Several large classes of homogeneous spaces are known to be 
formal — in the sense of Rational Homotopy Theory. However, it seems 
that far fewer examples of non-formal homogeneous spaces are known. 

In this article we provide several construction principles and charac- 
terisations for non-formal homogeneous spaces, which will yield a lot of 
examples. This will enable us to prove that, from dimension 72 on, such 
a space can be found in each dimension. 

Introduction 

Homogeneous spaces form a very well-studied and interesting class of 
manifolds. They appear abundantly in geometry and topology. Our focus 
will lie on their topological properties adopting the viewpoint of Rational 
Homotopy Theory. Also from this perspective homogeneous spaces bear 
remarkable properties, which they share with the larger class of biquotients 
they are contained in. 

The group G will always be taken to be a compact connected Lie group 
and let H C G x G be a closed Lie subgroup. Then H acts on G on the left by 
(h\, /12) • g = high^ 1 ■ The orbit space of this action is called the biquotient 
G I H of G by H. If the action of H on G is free, then G // H possesses 
a manifold structure. This is the only case we shall consider. Clearly, the 
category of biquotients contains the one of homogeneous spaces; in this 
special case the inclusion of H into the first G factor is trivial. 

It is a classical result that biquotients are rationally elliptic spaces. More- 
over, they admit what is called a pure model — see [8], p. 435, for the defini- 
tion and examples [8]. 32. 2, p. 448 and [8]. 15.1, p. 218 for the homogeneous 
case, respectively [16]. 1, p. 2 for general biquotients. This makes them an 
interesting yet manageable source of examples within the realm of Rational 
Homotopy Theory and they definitely do constitute a field of study well- 
worth the attention it is paid. 

The topological aspect this article is centred around is the following ques- 
tion: 

Question. Under which conditions on G, H and the inclusion is a homoge- 
neous space (respectively a biquotient) (non-)formal? 

Recall that a topological space X is called formal, if the information 
contained in its rational cohomology algebra is "the same" as its entire 
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rational homotopy type. In particular, the rational homotopy groups 7r*(X)(g) 
Q of a simply-connected formal X may be computed from its cohomology 
algebra. Let us give the precise definition: 

Definition. The commutative differential graded algebra (A, d) is called 
formal if it is weakly equivalent to the cohomology algebra (H(A, Q), 0), 
i.e. if there is a chain of quasi-isomorphisms 

(i )d )4...p...4...p( ff( i ] Q) ) o) 

We call a path-connected topological space formal if its rational homo- 
topy type is a formal consequence of its rational cohomology algebra, i.e. if 
(AplPO, d), the commutative differential graded algebra of polynomial dif- 
ferential forms on X, is formal 

Formality is one of the most important and most discussed topics in Ra- 
tional Homotopy Theory. Conjecturally, it forms an obstruction to the ex- 
istence of metrics of positive curvature on manifolds. Besides, it can be 
used to distinguish Kahler manifolds from symplectic manifolds, and it is 
an obstruction to geometric formality — which also was extensively studied 
on homogeneous spaces. 

An elaborate discussion of the formality of homogeneous spaces was given 
in the classical book [14]. Amongst others this resulted in long lists of formal 
homogeneous spaces (cf. [14]. XI, p. 492-497). It is well known that symmet- 
ric spaces of compact type are formal (cf. [8]. 12. 3, p. 162), A-symmetric 
spaces are formal (cf. [24], Main Theorem, p. 40, for the precise statement, 
[17]). (The first mentioned spaces are even geometrically formal; this is 
not true in general in the latter case.) Moreover, if rkG = rkH the space 
G//H is positively elliptic (or Fq), i.e. rationally elliptic with positive Euler 
characteristic and consequently, formal. 

However, it seems that only very few examples of non-formal homogeneous 
spaces are known. For example consider [14]. XI. 5, p. 486-491. (One example 
was generalised to a parametrised family in [25]. A few further examples 
are cited in example [18]. 1, p. 158.) Exemplarily, the following homogeneous 
spaces are known to be non- formal for p, q > 3 and n > 5: 

SU(pg) Sp(n) 
SU(p) x SU(g)' SU(n) 

In this article we shall discuss mainly three principles of how to construct 
non-formal homogeneous spaces respectively biquotients. In particular, this 
will produce uniform proofs for the non-formality of the known examples 
and it will result in more examples like 

SU(p + q) SO(2n) 
SU(p) x SU(g)' SU(n) 

for p + q>4, n>8 just to mention some simple cases. We refer the reader 
to theorems 1.6 and 1.10 as well as example 1.11 for several more non- formal 
homogeneous spaces. 

We provide the following tools to construct these spaces. 
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Proposition A. Let HOG and K C H x H be compact connected Lie 
groups. Suppose that the inclusion of H into G induces an injective mor- 
phism on rational homotopy groups, i.e. tt*(H) <S> Q 7r*(G) <8> Q. 
Then G//K is formal if and only if H//K is formal. 

For the next theorem we need to recall the following: A space E possesses 
the Hard-Lefschetz property if there exists a closed 2-form I G H 2 (E, M) such 
that for all k £ N 

L k : H n ~ k (E,R) — >■ H n+k (E,R) L k ([a]) = [l k A a] 

is an isomorphism. The most prominent examples of Hard-Lefschetz mani- 
folds, i.e. manifolds with the Hard-Lefschetz property, are Kahler manifolds. 
Note that a space is formal (over Q) if and only if it is so over each field 
extension of Q (cf. [8], p. 156 and theorem 12.1, p. 316); thus we need not 
worry about coefficients here. 

The next theorem will provide the main source for finding non-formal 
homogeneous spaces. 

Theorem B. Let E 2n+1 be a simply- connected space with finite dimensional 
rational cohomology and let B 2n be a simply- connected Hard-Lefschetz space 
(for n > I). Suppose there is a fibration S 1 ^ E A B. A ssume further the 
following to hold true: 

• The Euler class of p is a non-vanishing multiple of the Kahler class 
I of B in rational cohomology. 

• The rational cohomology of B is concentrated in even degrees only. 

• The rational homotopy groups of B are concentrated in degrees 
smaller or equal to n. 

Then E is a non-formal space. 

We remark that although this theorem requires extremely special condi- 
tions, it fits perfectly to the case of homogeneous spaces (and bioquotients). 
As we shall see, all these requirements can easily be fulfilled in a large class 
of cases. 

This theorem has a "mirror version" , which does give a better characteri- 
sation of formality in this situation. Recall that a space is called an F^-space 
if it is rationally elliptic with positive Euler characteristic. 

Theorem C. Let B be a positively elliptic simply- connected Hard-Lefschetz 
space of dimension 2n. Let 

S 1 ^ E^ B 

be a fibration with simply- connected total space E of formal dimension 2n+l. 
Suppose that the Euler class of the fibration equals the Hard-Lefschetz class 
(up to non-trivial multiples in the second rational cohomology group). 

Then E is formal if and only if E splits rationally as a product with one 
factor an odd- dimensional rational sphere of dimension greater than or equal 
to n and with the other factor being an Fo-space. 

We remark that an elliptic space is positively elliptic if and only if its ra- 
tional cohomology is concentrated in even degrees — cf. proposition [8]. 32. 10, 
p. 444. 

The last criterion will be 
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Proposition D. Let G be a rationally elliptic H-space of finite type. Sup- 
pose it admits a free group action by a compact connected Lie group H . 
Then G/H is formal if and only if G/Tjj is formal. 

This implies, in particular, that G//H is formal if and only if so is G//Th— 
a generalisation of the homogeneous case (cf. [22], p. 212). This principle 
follows from our much more general result in [3]; yet, we provide a much 
simpler proof here. (In order to avoid confusion, we remark that the term 
"H-space" refers to the existence of a multiplication up to homotopy and 
not to the action of the Lie group H.) 

It is a classical result (see [21]) that simply-connected compact manifolds 
of dimension at most six are formal spaces. In [11] Fernandez and Muhoz 
pose the question whether there are non-formal simply-connected compact 
manifolds in dimensions seven and higher. They answer this in the affir- 
mative by constructing seven-dimensional and eight-dimensional examples. 
The requested example in a certain dimension above dimension seven is then 
given by a direct product with the corresponding even-dimensional sphere. 

A next goal is to find features which usually tend to be favourable to 
establishing formality and to construct non-formal examples bearing these 
properties. One direction in this vein is to find highly-connected examples 
(cf. for example [10]). Note that the methods of constructing these manifolds 
involve surgery theory, in particular. 

We shall use a different approach towards this existence problem of "ge- 
ometrically nice" non-formal spaces in every large dimension. 

Combining the Bott conjecture and the Hopf conjecture, every manifold 
of positive curvature should be positively elliptic and formal, in particular. 
The G- invariant metric on homogeneous spaces G/H of compact Lie groups 
has non-negative curvature. However, we shall see that from dimension 
72 on in each dimension there exists a compact manifold of non-negative 
curvature, which is not formal, but elliptic. 

Theorem E. In every dimension d > 72 there is an irreducible simply- 
connected compact homogeneous space which is not formal. In particular, 
every such space constitutes a rationally elliptic non-formal manifold admit- 
ting a metric of non-negative curvature. 

As a reference for Rational Homotopy Theory we draw on the textbook 
[8] and we shall follow its terminology and notation. 

All the Lie groups under consideration will be compact con- 
nected. All commutative differential graded algebras — and co- 
homology, in particular — will be taken with rational coefficients 
unless stated differently. 

Structure of the article. In section 1 we shall prove the first two contrac- 
tion principles — proposition A, theorems B and C — and we provide a large 
list of non-formal homogeneous examples. Section 2 is devoted to providing 
the necessary examples for the proof of theorem E. Finally, in section 3 we 
show proposition D via a discussion of formality in special fibrations. 
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In theory, given the groups G, H and the inclusion of H into G it is 
possible to compute whether the space G/H is formal or not. Consider 
the appendix A for an exemplary computation. However, understanding 
the topological nature of the inclusion may be a non-trivial task. More- 
over, computational complexity theory enters the stage: In [13] the following 
result was established: Given a rationally elliptic simply-connected space, 
computing its Betti numbers from its minimal Sullivan model — which serves 
as an encoding of the space — is an NP-hard problem. In [2] it is proved that 
computing the rational cup-length and the rational Lusternik-Schnirelmann 
category of an elliptic space is also NP-hard. So on an elliptic space of large 
dimension it should be rather challenging to decide whether the space is 
formal or not. Besides, it is "desirable" (cf. [24], p. 38) to give criteria on in- 
variants of G, H and the embedding H ■— > G by which a direct identification 
of the homogeneous space G/H as being formal or not may be achieved. (In 
the article [24] , this was done by identifying iV-symmetric spaces as formal. 
See also [17] for the same result.) 

Thus finding a priori arguments which allow to identify infinite non- formal 
families should be worth-while the effort. Let us begin to do so by proving 
proposition A. 

PROOF of proposition A. Compact connected Lie groups are simple 
spaces. Choose minimal Sullivan models (AVq, 0), (AVh, 0) and (AVk, 0) for 
G, H and K. Let X\ , . . . , Xfi b© db homogeneous basis of Vh • Since the inclu- 
sion H "—^ G induces an injective morphism on rational homotopy groups, 
we may choose x' ± , . . . , x' k such that x±, . . . , x n , x^, . . . , x' k is a homogeneous 
basis of Vq- (For this we identify generators of homotopy groups with the 
Xi,x\ up to duality.) 
So we obtain 



H*(G x G) = A{x u . . . ,x n ,x[, . . . ,x' k ,yi, . . .,y n ,y[, ...y' k ) 

(The yi,y[ are constructed just like the Xi^X^^ 1.6. clS cl "formal copy".) 
Hence a model for the biquotient G//K is given by (cf. proposition [16]. 1, 



d on the qi is given by d(qi) = H*(B(p)(xi — y~i), where Xi,yi £ H*(HG) is 
the class corresponding to Xi,yi G H*{G). (The analogue holds for the q[.) 
By functoriality the morphism H*(B(j)) factors through 



1. Construction principles 




H*(BG x BG) 



H*(Bi 2 ) 



» H*(BH x BH) 



H*{Bh) 



> H*(BK) 
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In particular, H*(B<p) = H*(Bh) o H*(Bi 2 ) and 

d{q[) = H*{Bi l ){H*{Bi 2 ){x t i -y[)) 

for 1 < i < k. The inclusion i 2 is the product i 2 = i 2 \h x ^{h by definition. 
Thus we obtain a decomposition H*(Bi 2 ) = H*(B(i 2 \ H ))®H*(B(i 2 \ H )) and 
H*(Bi 2 )(x' i ) £ A(xi,... , x n ); i.e. it is a linear combination in products of the 
Xi. By the splitting of H*(Bi 2 ) we obtain that i7*(Bi 2 )($) £ A(yi, . . . ,y n ) 
is the same linear combination with the Xj replaced by the j/j. This implies 
that 

d(^) = fr*(Bii)(fT(Bi 2 )(x; - $)) G imiT(Bn) = d(A< gi , . . . , 9n )) 

(In fact, the very same linear combination as above with the Xj now replaced 
by the qi will serve as a preimage of d(q' i ) under d|A( ?1 ,... i?n )-) 

Thus for each 1 < i < k there is an element Zi G A{q±, . . . , q n ) with the 
property that d{q[ — z{) = 0. Set q^ := q[ — Z{. We have an isomorphism of 
commutative differential graded algebras 

cr -.(AV^ 1 ® A(q u . . . ,q n ,q[, . . . ,q' k ),d) 

^ (AVj^ 1 (8) A(q u ...,q n ,q!,...,q k ),d) 

induced by the "identity" q\ \- > qi+z-i for all 1 < i < k. (By abuse of notation 
we now consider the & with dqi := d(q' i — Zi) = as abstract elements in 
the graded vector space upon which the algebra is built.) This morphism 
is an isomorphism of commutative graded algebras which commutes with 
differentials: 

d{a{q' i ))=d{q i + z i )=d{q' i ) = (T{d{q t i )) 

as <r\A( gi ,..., gk ) = id. 

Thus we obtain a quasi-isomorphism 

A PL (G//K) ^(AV+ 1 A<gi, . . . , q n , q[, . . . , q' k ), d) 

(1) ^(AV^ 1 A{ gi , . . . , q n , q u . . . , q k ), d) 

=(AF+ 1 ® A(gi, . . . , 9n ), d) ® (A(gi, . . . , q k ), 0) 

The algebra (AV^ 1 (g> A{q\, . . . , q n ), d) is a model for H // K, since 
Xi, . . . , x n , . . . , y n is a basis of Vh and since its differential d corresponds 
to H*{Bi\). Hence the last algebra in (1) is rationally the product of a 
model of H//K and a formal algebra. Thus it is formal if and only if H//K 
is formal (cf. theorem [1].1.47, p. 39). □ 

Corollary 1.1. Let K be a compact Lie subgroup of the Lie group G, which 
itself is a Lie subgroup of a Lie group G. Table 1 gives pairs of groups G 
and G together with relevant relations and the type of the inclusion such 
that it holds: The homogenenous space G/K is formal if and only if G/K 
is formal. 

Proof. For the minimal models of the relevant Lie groups and further rea- 
soning on their inclusions see [8]. 15, p. 220. Lie groups are formal and so 
are the depicted inclusions. More precisely, we may identify minimal models 
with their cohomology algebra and induced maps on minimal models with 
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Table 1 . Inclusions of Lie groups 



G 


G 


with 


type of embedding 


SO(n) 


SO(iV) 


n > 1, n odd, N > n, N odd 


blockwise 


SO(n) 


SO(iV) 


n > 1, n odd, N > n + 1, N even 


blockwise 


SU(n) 


SU(JV) 


n > 1, N > n 


blockwise 


Sp(n) 


Sp(iV) 


n > 1, N > n 


blockwise 


SO(n) 


SU(n) 


n > 1, n odd 


induced 
componentwise 
byR^C 


Sp(n) 


SU(2n) 


n > 1 


induced by the 
identification 
M^C 2x2 



induced maps in cohomology. Thus it suffices to see that the given inclusions 
induce surjective morphisms in cohomology. 

The blockwise inclusions are surjective in cohomology due to theorem 
[20].6.5.(4), p. 148. 

The inclusion SO(n) SU(n) induces a surjective morphism by 
[20].6.7.(2), p. 149. So does the inclusion Sp(n) ^ SU(2n) by [20].6.7.(1), 
p. 149. □ 

We remark that the chain of inclusions SO(n) C U(n) C Sp(n) does not 
induce a surjective morphism in cohomology (cf. [20] .5.8.(1), p. 138 and 
[20]. 6. 7.(2), p. 149). Neither does the chain Sp(n) C U(2n) C SO(4n) nor 
the chain Sp(n) C U(2n) C SO(4n+ 1) in general by a reasoning taking into 
account theorem [20]. 6. 11, p. 153, which lets us conclude that the trans- 
gression in the rationalised long exact homotopy sequence for U(n) 
SO(2n) — > SO(2n)/U(n) is surjective. Let us give a first example, which 
will be largely generalised later. 

Example 1.2. • Using the computation from the appendix A and 

proposition A we see that the space 

SU(n) 
SU(3) x SU(3) 

is non- formal for n > 6. 
• We also obtain pretty simple proofs for formality: For example, the 
spaces 

%) and SO(2n + l) 

U(ifei) x ■ ■ ■ x V(k) SO(2fci) x ••• x SO(2A;;) 

with Y^i=i hi — n are formal: In the equal rank case Yli=i = n ' 
the spaces are positively elliptic and formality holds. Then apply 
proposition A to the inclusions U(n') U(n) and SO(2n' + 1) <^-> 
SO(2n + l). 
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Let us now prove theorem B which serves to derive non-formality via 
additional topological structure. This will simplify proofs for some of the 
known non-formal examples whilst producing a whole variety of further ones. 
We cite the following technical lemma from [6], theorem 4.1, p. 261, and from 
lemma [12]. 2. 7 p. 154. 

Lemma 1.3. A minimal model (AV 7 , d) is formal if and only if it can be 
written (up to isomorphism) such that there is in each V 1 a complement N l 
to the subspace of d-closed elements C n with V' 1 = C % © N % and such that 
any closed form in the ideal /(© N % ) generated by ® N l in AV is exact. 

□ 

PROOF of Theorem B. Since the Kahler class and the Euler class ratio- 
nally are non-trivial multiples, we may formulate the Gysin sequence with 
rational coefficients for p as follows: 



> H P {B) ^> H P+2 (B) -»• H P+2 {E) -»• H p+l {B) 




(The fibration is oriented, since B is simply-connected.) The Hard-Lefschetz 
property of B implies that taking the cup-product with [I] is injective in 
degrees p < n. So the sequence splits, yielding 

H P+2 (B) = H P (B) © H P+2 (E) 

for— 2 < p < n — 2. Since we assumed the odd-dimensional rational coho- 
mology groups of B to vanish, we obtain in particular that 

(2) H P (E) = for odd p < n 

Let (AVe, d#) be a minimal model of E. As E was supposed to be simply- 
connected, we clearly have tt p (E) ©Q = V|! up to duality. By the long exact 
sequence of homotopy groups we obtain 

TTp(E) ^ Tr p (B) for p > 3 

As we assumed 

tt p (B) © Q = for p > n 

we see that V^ n = 0, if n > 2. If n = 1, we clearly still have V^ 3 =0. So for 
arbitrary n > 1 we obtain 

(3) F| = for odd p > n 

Assume now that E is formal. This will lead to a contradiction. By lemma 
1.3 we may split (a suitable minimal model (AVe> d^;) of E as) Ve = Ce®Ne 
with Ce = kerd^lvg and with the property that every closed element in 
I(Ne) is exact. 

By observation (2) we know that every closed element of odd degree in 
(AVe)-" is exact. Thus by the minimality of the model we directly derive 
that 



(4) 
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is concentrated in even degrees only. Hence so is ACe- Thus, using the 



from (5) and from the formality of E. 

However, by assumption, the space E is an odd-dimensional simply- 
connected rationally elliptic space Thus its rational cohomology satisfies 
Poincare duality by theorem [7]. A, p. 70. The space E possesses a volume 
form which hence generates H 2n+1 (E) = Q / 0. This contradicts formula 
(6). Thus E is non- formal. □ 

Remark 1.4. • Actually, we do not only prove the non-formality of 

the total space; we can even derive the existence of a non-vanishing 
Massey product of odd degree. (Note that there are examples of 
non- formal spaces with vanishing Massey products.) 

• We see that the proof works equally well in the following setting: 
Assume the spaces E and B not to be simply-connected but to be 
compact connected manifolds with a finite fundamental group and 
to be simple spaces, i.e. the action of the fundamental group on all 
homotopy groups (in positive degree) is trivial. Indeed, the spaces 
then are orientable and satisfy Poincare duality. Since we may choose 
the Euler class of the S 1 -fibration up to (non-trivial) multiples, we 
then may assume that the fibration is orientable (up to coverings 
of the fibre), and the Gysin sequence can be applied. Moreover, 
Rational Homotopy Theory is equally applicable to simple spaces. 

From proposition [22]. 1.17, p. 84, we cite that the homogeneous 
space G/H of a compact connected Lie group G with a connected 
closed Lie subgroup H is simple. 

• Kahler manifolds are clearly not the only source of examples of B. 
For example, the lemma applies to the case of certain Donaldson 
submanifolds (cf. [12]) or biquotients (cf. [16]). 

We may relax the assumptions of the lemma even further: We need 
not require the rational homotopy groups of B to be concentrated 
in degrees smaller or equal to n as long as the ones concentrated in 
odd degrees above n correspond to relations in the minimal model 
of E via the long exact homotopy sequence; i.e. they are not in the 
image of the dual of the rationalised Hurewicz homomorphism. Then 
the proof does not undergo any severe adaptation: We just obtain 
C E = instead of V E = for odd p > n. This extends the lemma 
to not necessarily elliptic spaces E and B. 

• In theory, the approach of this theorem is not restricted to S 1 - 
fibrations. So, for example, using the Kraines form in degree four 



splitting 



AV E 



AC e I(N E ) 



we derive that 
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instead of the Kahler form in degree two, one may formulate a ver- 
sion for Positive Quaternion Kahler Manifolds — however, this seems 
to be less fruitful. 



See the corollary on [22]. 13, p. 221 and the examples below for a related 
result in the category of homogeneous spaces. 

Via theorem C we cast a little more light on the situation depicted in 
theorem B and we characterise when formality occurs. So before we begin to 
use theorem B in order to find several examples of non-formal homogeneous 
spaces — which clearly provides the motivation for the theorem — let us prove 
theorem C. We recall the following 

Lemma 1.5. A pure elliptic minimal Sullivan algebra (AV, d) is formal if 
and only if it is of the form 

(7) (AV,d)^(AV',d)<^(A(z l ,...,z l ),0) 

(for maximal such I) with a pure minimal Sullivan algebra (AV,d) of posi- 
tive Euler characteristic — which is automatically formal then — and with odd 
degree generators z%. 

Proof. Choose a basis z\, . . . , z m of V odd with the property that dzi = for 
1 < i < I — and some fixed 1 < I < m — and that d|( Z( .. jZm ) is injective. 
From pureness it follows: 

d«zi,...,z,)) = 
d(( Zl+l ,...,z m ))eAV CVCIi 
d(V cvcn ) = 

Thus we obtain 

(Ay, d) = (A(V cvcn (z l+1 , ...,z m )),d)® (A( Zl , ...,zi),Q) 

Set V := V cvcn © (zi+i, ■ ■ ■ , z m ). The minimality of (AV, d) enforces the 
minimality of (AV, d) and (AV, d) is again a pure minimal Sullivan algebra. 

By theorem [1].1.47, p. 39, the formality of (AV, d) now is equivalent to 
the formality of (AV,d). 

If (AV,d) has positive Euler characteristic, it is positively elliptic and 
formal — cf. theorem [1].1.52, p. 43. Thus (AV,d) then is formal, too. 

For the reverse implication we use contraposition: Suppose the Euler 
characteristic of (AV, d) to vanish. We shall show that the algebra is non- 
formal. The algebra (V,d) has the property that d((V) cven ) = and that 
d| ( y, )0 dd is injective. Thus, setting C := (V) even and N := (V) odd , yields a 
decomposition V = C © N as required in lemma 1.3; this decomposition is 
uniquely determined up to isomorphism. 

Due to x(AV, d) = there is a closed and non-exact element x in (AV, d) 
that has odd degree. Therefore x necessarily lies in I(N). Thus (AV,d) is 
not formal and neither is (AV, d). □ 

PROOF of theorem C. Choose minimal models (AV, d) for B and 
(A(s),0) for S 1 . Then we obtain a model for the fibration — cf. proposition 
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[8]. 15.5, p. 198: 

(AV®A(a),d) ^ (Apl(-E), d) 

with ds = Z € V 2 and [Z] € H 2 (Z) representing the Hard-Lefschetz class. 

Obviously, the model of the fibration is not minimal. However, we may 
construct its minimal model. For this we write the model as 

(AV'®A{s,l),d) 

with V C V a homogeneous complement of (Z). This point of view reveals 
this model as the model of a rational fibration with fibre AV and con- 
tracture base space (A(s, Z), d'). Thus we obtain (quasi-)isomorphisms 

(AF<8) A(s),d) 

^{AV® A(s,Z),d) 

~(AF'® A(s,Z),d)/(A(s,Z),d') 

~(AV,d) 

where d is the projection of the differential d to V' . Since (AV, d) is minimal, 
so is (AV',d). Hence we have found a minimal model of E. 
Applying the Gysin sequence to the fibration 

...-»• H k (E) -»• H k ~\B) ^> H k+1 {B) -»• H k+1 {E) -> . . . 

yields 

(8) H k (E) = 

for odd k < n. This follows from the assumption that £? is positively elliptic, 
i.e. that its rational cohomology is concentrated in even degrees. Moreover, 
we use the assumption that the Euler class of the fibration is a rational 
multiple of the Hard-Lefschetz class [I]. Due to Hard-Lefschetz, cupping 
with [I] is injective in degrees smaller than n. 

We may now characterise formality. The model (AV',d) has odd formal 
dimension 2n + 1 . Since the space E is elliptic by the long exact homotopy 
sequence of the fibration, it satisfies Poincare duality. In particular, there is 
a non-vanishing cohomology class of odd degree. 

Since the space B is positively elliptic, it is pure. Consequently, also the 
model (AV',d) is pure. By lemma 1.5 and the long exact sequence of the 
fibration we obtain the following: The formality of E is equivalent to the 
existence of a decomposition 

(AF',d)^(AF",d)®(A(n),0) 

for / n G (V r/ ) odd and a homogeneous complement V" of (n) in V'. Thus 
E is formal if and only if its minimal model splits as a product of a formal 
space (AV",d) and the model of an odd sphere. 
In this case we observe that 

dim(F") odd = dim(V") cven 

Indeed, this was true for V already, since the base is positively elliptic. The 
equality above then follows, since V" results from V by splitting of a class 
of even degree, Z, and a class of odd degree, n. Thus, the base B is again 
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positively elliptic (cf. proposition [8]. 32. 10, p. 444), since the cohomology 
H(AV",d) is finite-dimensional by construction. Hence (AV",d) is an Fo- 
space and consequently formal. 

We conclude that this shows that E is formal if and only if it splits as 
a product of formal spaces, which then are necessarily an Fo-space and a 
rational sphere of odd dimension at least n — cf. equation (8). This proves 
the result. □ 



A main step in the construction of our non-formal homogeneous spaces 
will be to consider certain S 1 -bundles over homogeneous Hermitian spaces. 
For this we cite the following simply-connected compact homogeneous Kahler 
manifolds from [5].8.H, p. 229-234: 

Sp(n) 



(9) 



for 2_^Pi + l 


= n 


i=l 




q 

for ^2 pi + I 


= n 


i=i 




q 

for ^Pi + l 


= n 


i=i 




q 




for ^ pi 


= n 


i=l 




q 

for ^ pi 


= n 


i=i 





U(pi) x • • • x U(p,) x Sp(Z) 

SO(2n + l) 
U(pi) x ••• x U(p,) x SO(2Z + l) 

SO(2n) 

U(pi) x ••• x U(p 9 ) x SO(2Z) 

SO(2n) 

U(pi) x ••• x U(p,_i) x U(p,) 

SU(n) 

S(U(pi)x-xU(p 9 )) 

where U(p 9 ) C SO(2p g ) is the unitary group with respect to a slightly altered 
complex structure of R 2p " (cf. [5]. 8. 113, p. 231). 

One important observation will be that the dimension of these spaces 
grows quadratically in n, whereas the top dimension of their rational homo- 
topy groups grows linearly. This enables us to apply theorem B. 

In table 2 we shall use the convention that Yl\=i k = P, Ylik = ' an d 
Pi + P2 = P- Moreover, we also require p,pi,P2 > in the table. 

Theorem 1.6. The homogeneous spaces in table 2 are non-formal. 

Proof. We shall consider a certain subclass of the spaces given in (9). Their 
top rational homotopy group can easily be computed using the long exact 
homotopy sequence of the fibration formed by denominator, numerator and 
quotient. For this we shall use that the top rational homotopy of Sp(n), 
SU(n), SO(2n), SO(2n+l) lies in degree 4n-l, 2n-l, 4n-5 for n > 2 and 
An — 1 respectively. So we are able to give the spaces under consideration 
with their dimensions and with the largest degree of a non- vanishing rational 
homotopy group in table 3 — as always p,pi,P2 > 0. 

Theses homogeneous spaces have the property that numerator and de- 
nominator form an equal rank pair, whence they are positively elliptic and 
rational cohomology is concentrated in even degrees only. 
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Table 2. Examples of non-formal homogeneous spaces 



homogeneous space 


with 


Sp(JV) 


p + l < N, r > 0, s > 
ip 2 + (2Z- |)p-4Z + 1 > 


S(U(fci)x-xU(fc t ))xSp(Zi)x-xSp(7 r ) 


xU(l r+ i)x-xU(l s ) 


SU(N) 




2(p + i) < TV, r > 0, s > 
ip 2 + (21- l)p-Al + 1 > 


S(U(ifci)x-xU(fe t ))xSp(ii)x-xSp(/ T .) 


xU(( r+ i)x-xU(l s ) 


SO(AT) 




2(p + i) + 1 < TV, r + 1 > 
ip 2 + (21 - l)p-Al + 1 > 


S(U(fci)x-xU(fe t ))xSO(2« 1 )x-xSO(2i r )xSO(2« r+ i+l) 


SU(iV) 




p + l = n, N > 2n + 1, 
r + 1 > 


S(U(fci)x-xU(fe t ))xSO(2« 1 )x-xSO(2i r )xSO(2« r+ i+l) 






2P + (,2i — 2 )P ~ 4( ' 1 — U 


SO(2n) 




p + l = n, r>0, n>2, 1^1 
ip 2 + (2i- §)p-4Z + 5>0 


S(U(fci)x-xU(fc i ))xSO(2/i)x 


••xSO(2Z r ) 


SO(2n) 




p — n, r > 0, n > 2 
In 2 - f n + 5 > 


S(U(fci)x-xU(fc t )) 




SU(iV) 




Pi + P2 = ™ < N, pi , P2 > 

N > 2, 

P1P2 - 2( Pl +p 2 ) + 1 > 


S(U(fei)x-xU(fe s ))xS(U(fe s+ i) 


x-xU(fct)) 


Table 3. Certain Hermitian homogeneous spaces 


homogeneous space for 


dimension 


top rational homotopy 


Sp(n) 7)4-1 -n 

u(p)xs p (0 P + L-n 


p 2 + 4 • Z • p + p 


An- 1 


SO(2n+l) v + l-n 
U(p)xSO(2Z+l) PTI — Il 


p 2 + 4 • I ■ p + p 


4n - 1 


SO(2n) , 

u(p)xSO(2i) p-\-i — n 


p 2 + 4 • Z • p — p 


4n — 5 for n > 2 


SO(2n) 
U(n) 


n 2 — n 


4n — 5 for n > 2 


SU(ra) 

S(U(pi)xU(p 2 )) Pi+P2-n 


2 • pi • P2 


2n-l 



All these manifolds are compact homogeneous Kahler manifolds by [5].8.H. 
Since for the following arguments the spaces one to four behave similarly, 
we shall do showcase computations for the cases one and five. 

The fibre bundle 



SU(p) U(p) ^ S 1 
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lets us conclude that U(p) = S 1 • SU(p) = S 1 x^ p SU(p), where Z p is the 
(multiplicative) cyclic group of p-th roots of unity acting on each factor by 
(left) multiplication. So the canonical projection yields a fibre bundle 

S i/ Z , ; S P( n ) ; S P( n ) 

1 p (Zp x Zp SU(p)) x Sp(l) (Si x Zp SU(p)) x Sp(Z) 

of homogeneous spaces, which clearly is no other than 

Sp(ra) Sp(ra) 
7 p SU(p) x Sp(i) U(p) x Sp(Z) 

since Z p Xz p SU(p) ^> SU(p) — given by left multiplication of Z p on SU(p)— 
is an isomorphism. 

In case five we obtain a homomorphism 

S 1 x SU(pi) x SU(p 2 ) -> S(U(pi) x U(p2)) 

(x, A, B) i-> (x P2 • A, aT Pl • B) 

with kernel formed by all the elements of the form (a, a~ P2 I pi , a Pl I P2 ) with 
a PiP2 — \ Thus the kernel is isomorphic to Z piP2 . (It is consequent to use 
the terminology that 7L\ = 1 be the trivial group.) In particular, this defines 
an action of Z piP2 CS 1 on SU(pi) x SU(p 2 ) an d we obtain 

S(U(pi) x U(p2)) = S 1 x ZpiP2 (SU(pi) x SU(p2)) 

This leads to the fibre bundle 

s i /z ^ sum ^ suh 

& /^ P1P2 ^ Zpip2XZpip2(S u( Pl )xSU(p 2 )) ^ SiX^CSUCpxJxSUCpa)) 
of homogeneous spaces, which clearly is no other than 

SU(ra) SU(n) 



SU(pi) x SU(p 2 ) S(U(pi) x U(p2)) 



Thus, in each case identifying S 1 /Z p (for each respective p) with its finite 
covering S 1 , we obtain the following sphere bundles: 



Sp(n) Sp(n) 



S 1 



SU(p) x Sp(0 U(p) x Sp(Z) 
SO(2n + l) SO(2n + l) 



S 1 



SU(p) x SO(2Z + 1) U(p) x SO(2Z + 1) 
SO(2n) SO(2n) 



S 1 



SU(p) x SO(2Z) U(p) x SO(2Z) 
gl ^ SO(2n) ^ SO(2n) 
SU(n) U(n) 
SU(n) SU(n) 
SU(pi) x SU(p 2 ) S(U(pi) x U(p2)) 



Due to the long exact homotopy sequence, we see that the total space E 
of each bundle has a finite fundamental group, namely or Z 2 . Thus the 
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Euler class of each bundle does not vanish, since otherwise the bundle would 
be rationally trivial. This would imply E ~q B x S 1 — with the respective 
base space B — and tti(E) <g> Q 7^ 0. 

The long exact homotopy sequence associated to H G — > G/H— 
where G is the numerator and H is the denominator group of the base space 
B = G/H in each respective case — lets us conclude that 

H 2 (B)^TT 2 (G/H)<g,q = q 

for I / 1 and n > 2 in case three, for n > 2 in case four and without 
further restrictions in the other cases. (In each respective case we then have 
vr 2 (G) <8> Q = 0, TTi(H) ®Q = Q and 7q(G) ® Q = 0.) 

This implies that the Kahler class and the Euler class — both contained 
in H 2 (B) — are non-zero multiples in rational cohomology. 

In order to apply theorem B we need to demand that the top rational 
homotopy does not lie above half the dimension of the space. This leads to 
the following restrictions in the respective cases: 

1, 7 



2 ^+^2/--jp-4/ + l>0 
lp 2 + ( 2 /-£)p-4Z + l>0 

l -p 2 + (2/ - ^jp - 41 + 5 > 

1 o 9 

-n 1 n + 5 > 

2 2~ 

P!P2 ~ 2(pi +p 2 ) + 1 > 

Due to the first point in remark 1.4 we may now apply theorem B to the 
depicted fibre bundles. This yields that the total spaces 

Sp(n) SO(2n + l) SO(2n) 

SU(p) x Sp(Z)' SU(p) x SO(2/ + 1)' SU(p) x SO(2Z)' 
SO(2n) SU(n) 
SU(n) ' SU(pi) x SU(p 2 ) 

of the respective bundles are non-formal under the given conditions. 

Due to proposition D (respectively [22], p. 212), we may replace the sta- 
bilisers of the total spaces of the fibrations by maximal rank subgroups shar- 
ing the maximal torus. We apply this first to the SU(j>)-factor which arose 
from the fibre-bundle construction and replace it by a S(U(fci) x • • • x XJ{kt))- 
Then we also substitute the other factors by suitable other ones. 

Finally, we are done by an application of proposition A respectively table 
1, which allows us to use the described embeddings of the numerator into 
larger Lie groups to form new homogeneous spaces. The result of this process 
is depicted in table 2: 

The first example we considered here leads to the first line in table 2 by 
blockwise inclusion Sp(n) Sp(iV) and to the second line by the inclusion 

Sp(n) ^ SU(2n) ^ SU(AT) 

(which is identical to Sp(n) ^ Sp(iY') ^ SU(2iV') ^ SU(iV)). 
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The second example produces lines three and four by the inclusions 
SO(2n + l) ^ SO(iV) and 

SO(2n + 1) ^ SU(2n + 1) ^ SU(iV) 

(which is the same as SO(2n + 1) ^ SO(N') ^ SU(2AT') ^ SU(iV)). 

For examples three and four we do not use any further inclusions. Exam- 
ple five produces line seven by the inclusion SU(n) SXJ(N). □ 

The proof guides the way of how to interpret table 2. Nonetheless, let 
us — exemplarily for the first line of the table — shed some more light upon 
the used inclusions: The inclusion of the denominator in the first example 
is given by blockwise inclusions of 

S(U(fci) x • • • x U(fct)) ^ Sp(p) ^ Sp(n) ^ Sp(iV) 

Sp(Zi) x • • • x . . . Sp(/ r ) ^ Sp ( li) ^ Sp(n) ^ Sp(iV) 

^ i=i ' 

U(i r +i) x • • • x . . . XJ(l s ) ^Sp( S P( n ) ^ S P( N ) 



where n = p + Y2i=i h- 

In examples three and four it does not matter whether or not we have 
a stabiliser which has — beside the unitary part — special orthogonal groups 
of the type SO (2Zj) only, if there is additionally one factor of the form 
SO(2Z r+ i + 1) or if there is the factor SO(2/ r + 1) only: All three cases 
establish maximal rank subgroups of SO(2Z + 1), which therefore share the 
maximal torus with SO (21 + 1). 

Moreover, note that the relations in table 2 are growing quadratically in 
p. Thus for a constant I we can always find p and N that will satisfy the 
restrictions. 

Example 1.7. Let us describe some of the simplest and most classical 
consequences that arise out of our reasoning. We have proved that the 
spaces 

Sp(ra) SO(2n) SXJ(p + q) 

SU(n) SU(n) SU(p) x SL%) 

are non-formal for n > 7, n > 8 and p + q > 4 respectively. 

The numerical conditions we impose on the examples seem to be quite 
sharp. The prerequisites in the last example in table 2 for the space to be 
non-formal are evidently satisfied if pi,p2 > 4 or if pi > 3 andp2 > 5. These 
are sharp bounds: 

Proposition 1.8. The homogeneous space 

SU(7) 
SU(3) x SU(4) 

zs formal. 
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Proof. Using the model (25) from the appendix, we compute a minimal 
model for the given homogeneous space as generated by 

c, c, x degc = 4, degc' = 6, degx = 13 
with vanishing differentials and by generators representing relations 
xi, x 2 degxi = 9, degx 2 = 11 

with 

d(xi) = c ■ c', d(x 2 ) = c 3 - (c') 2 

This model splits as the model of the product of an Fo-space and an S 13 . 
Thus it is formal. □ 

As for the interlink between formality and geometry, we remark that, for 
example, from the computations in lemma [4]. 8. 2, p. 272, we directly see 
that all known odd-dimensional examples — cf. proposition [4]. 8.1, p. 271 — of 
positively curved Riemannian manifolds are formal spaces; so are the newly 
announced examples in [15] and [23]. 

The importance of formality issues in geometry is also stressed by the 
following result in [4]. The non-formality of 

r ._ SU(6) 
' SU(3) x SU(3) 

plays a crucial role for the following (cf. [4], theorem 1.4): It gives rise to 
the existence of a non-negatively curved vector bundle over C x T (with a 
torus T of dim T > 2) which does not split in a certain sense as a product of 
bundles over the factors of the base space, but which has the property that 
its total space admits a complete metric of non-negative sectional curvature 
with the zero section being a soul. 

Remark 1.9. As a generalisation of section [3]. 4, p. 20, let us recall that it 
is very easy to construct fibre bundles with interesting properties as far as 
formality is concerned using non-formal homogeneous space. These bundles 
illustrate that formality for the base space in general does not have to be 
related to formality on the total space. Contrast this with a positive result 
given in theorem [3]. A, p. 4. 

Homogeneous spaces G/H occur in terms of a fibre bundle 

H^G^ G/H 

In the case of a non- formal homogeneous space, this is a fibration with formal 
fibre and formal total space, but with non-formal base space. Moreover, by 
proposition D we know that G/H is formal if and only if G/Th is formal, 
where Tjj Q H is a maximal torus of H. Thus we may successively form the 
spherical fibre bundles 

(10) S 1 ^ G/T k -> G/T k+l 

for k > and T k C Tjj a /c-torus. If G/H is non-formal, the space G/Th is 
non-formal. Moreover, we see that there is a choice for k with the property 
that (10) is a fibre bundle with formal total space and non- formal base space. 
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Conversely, we may construct a spherical fibre bundle with non-formal 
total space and formal base space by 



! SU(6) SU(6) 

SU(3) x SU(3) S(U(3) x U(3)) 



The fibration is induced by the canonical inclusion 

SU(3) x SU(3) ^ S(U(3) x U(3)) 

The total space is formal, as it has positive Euler characteristic. 

Let us finally give another example of how to apply theorem B. This will 
result in yet another long list of non-formal spaces. In order to shed more 
light on the motivation for the next theorem — and, in particular, on the 
inclusions we use — we observe the following: The dimension of the Cartesian 
product of two spaces clearly is the sum of the dimensions. If both spaces 
are elliptic, however, the top degree of a non- vanishing rational homotopy 
group of the product is the maximum over the maximal degrees of non- 
trivial rational homotopy groups of both factors. So we get the following 
meta-principle: Taking sufficiently many factors of elliptic Hard-Lefschetz 
manifolds will result in a Hard-Lefschetz space — with Hard-Lefschetz class 
the sum of the ones of the factors — to which theorem B applies. So the base 
space of the fibration we shall then use will just be the Cartesian product of 
all the factors, whilst the total space will be gained by "factoring out" the 
Hard-Lefschetz class. This explains, in particular, how the inclusions in the 
next examples are to be understood. 

Theorem 1.10. Every homogeneous space of the form 

( H Sp(n M )x [J SO(2n 2ii + l)x [] SO(2n 3 ,;) 

M<i<fcl l<i<k 2 l<i<k 3 

x H SO(2n 4)l )x 11 U(n 5li ) 



s( n uoMx n u fe)x n uo^x n uki 

l<j<fei l<i<k 2 l<i<fc 3 l<i<fc 4 



l<i<k 5 

X ' " ' * ' 



n (u(p 5l i) x u( 95ii )) 

H Sp(Z M )x J] SO(2/ 2i , + l)x 11 SO(2Z 3ll )) 



l<^<fci l<i<k 2 l<i<k z 
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satisfying 

2\ X! Pl,i + 4l l,iPl,i+Pl,i+ 
^ l<i<fci 

V\i + 4Z 2 ,iP2,i + P2,i+ 

l<i<fc 2 

X] #M + 4Z 3,iP3,i - P3,i 
l<i<fc 3 

> max I 4 max pi ; + Zi ; — 1, 

\ l<i<fei ' 

4 max p 2 ,i + h,i - 1, 

l<i<fc2 

4 max p 2 ,i + fe.i - 5 I 
i<i<fc 2 / 

is non-formal. 

□ 

Example 1.11. It is obvious that this last method is suited for a variety of 
generalisations and will produce a myriad of new examples. Let us mention 
just two more: 

• In remark 1.4 we extend theorem C to the situation of suitable 8 3 - 
fibrations. One source of examples may be a large product of Positive 
Quaternion Kahler manifolds together with the sum of the respective 
Kraines forms in degree 4 corresponding to the fibre S 3 . As a first 
example of this kind, we see directly that 

Sp(ni + 1) x Sp(n 2 + 1) x Sp(n 3 + 1) x . . . 

Sp(m) x Sp(n 2 ) x Sp(n 3 ) x • • • x S(Sp(l) x Sp(l) x Sp(l) x . . . ) 

is a non-formal homogeneous space (provided the number of factors 
is large). Here, by abuse of notation, S(Sp(l) x Sp(l) x Sp(l) x 
. . . ) denotes all the elements (ai, a 2 , . . . ) in the quaternionic torus 
Sp(l)xSp(l)x. . . with the property that their product ai-a 2 — = 1 
in H. For this we consider Sp(l) as the unit quaternions. 

• Using a product involving the Eschenburg biquotient S 1 \U(3)/T 2 it 
is easy to construct further non-formal genuine biquotients (which 
are not homogeneous). For this we recall that this biquotient has a 
Hard-Lefschetz structure, as can be checked easily. 



We leave it to the reader to enrich the examples in theorem 1.10 and 
example 1.11 using theorem B and proposition D. Doing so one gains even 
many more non- formal homogeneous spaces/ biquotients. 

2. NON-FORMAL HOMOGENEOUS MANIFOLDS IN EVERY LARGE DIMENSION 

Let us now use the constructed examples of non-formal homogeneous 
spaces in order to give the 
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PROOF of theorem E. The example 



SU(AQ 

S(U(fci) x • • • x U(k s )) x S(U(fe s+ i) x • • • x U(fe t )) 



from table 2 will serve as a main source of further examples. (It is simply- 
connected as is the numerator group.) 

The restrictions in the table will certainly be satisfied if pi,P2 > 4 or 
if pi > 3 and p2 > 5 (respectively N > p\ +P2). By our computations in 
appendix A we may also use the case p\ = p2 = 3. We use a slightly different 
terminology: Set p := p\, k := p2 and N > 0. Thus whenever p = k = 3 or 
p, fc > 4 or p > 3 and k > 5 the spaces 



(11) 
(12) 

(13) 

(14) 

(15) 

(16) 

(17) 

(18) 

(19) 

(20) 



SXJ(p + k + N) 
SU(p) x SU(fc) 

SU(p + fe + N) 
SU(p) x S(U(fc- 1) x U(l)) 

SU(y + fc + iV) 
S(U(p- 1) x U(l)) x SU(fc) 
SU(p + k + JV) 
S(U(p - 1) x U(l)) x S(U(fc - 1) x U(l)) 

SU(p + k + N) 
S(U(p- 2) x U(2)) x SU(fc) 

SU(p + fc + A^) 

S(U(p - 2) x U(2)) x S(U(fc - 1) x U(l)) 

SU(p + k + N) 
S{U{p - 2) x U(2)) x S(U(fc - 2) x U(l) x U(l)) 

SU(y + k + jV) 

S(U(p - 2) x U(l) x U(l)) x SU(ife) 

SU(p + fe + N) 

S(U(p - 2) x U(l) x U(l)) x S(U(fc - 2) x U(2)) 

SU(p + k + N) 
S{U{p - 2) x U(l) x U(l)) x S(U(fc - 2) x U(l) x U(l)) 
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will be non-formal. In the given order the spaces have the following dimen- 
sions: 



2{k + N)p + (2kN + N 2 + 1) 
2(k + N)p + (2kN + N 2 + 2k-l) 
2(k + N + 2)p + (2kN + N 2 - 1) 
2(k + N + 2)p + (2kN + N 2 + 2k-3) 
(21) 2{k + N + 4)p+ (2kN + N 2 - 7) 

2(fc + N + 4p + (2kN + N 2 + 2k-9) 
2(k + N + 4)p + (2fciV + iV 2 + 4A; - 13) 
2(fc + iV + 4)p + (2fciV + N 2 - 5) 
2(fe + iV + 4)p + (2kN + N 2 + 4k- 13) 
2(fe + N + 4)p + (2fciV + N 2 + 4k- 11) 



Regard these homogeneous spaces M p ' as manifolds parametrised over N 
by the variable p. In other words, we have the infinite sequences 
(Mp ,N )^^, . . . , {Mp ,N ) p 2 ^. We shall now show that for each congruence 

class [m] modulo 16, there is a family {Mp ,N ) p n e ^ which — for certain num- 
bers p — consists of non-formal manifolds only and which has the property 
that 



dim(M p fc ' iV )^ eN = [m] mod 16 



For this we fix the coefficient of p in each dimension in (21) to be 2 • 8 = 16. 
The following series realise the congruence classes 0, . . . , 15. In the third 
column we give the smallest dimension for which there is a p G N making 
the space non-formal. (From this dimension on the series will produce non- 
formal examples only.) Once we are given p, we may compute this dimension. 
We determine p by the following rule: If k = 3 set p = 3, if k = 4 set p = 4, 
if k > 5 set p = 3. This guarantees non-formality. The necessary data is 
given by the subsequent table: 
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[m] 


hCl ICO 


cl" Q vl~ 1 n <T (Hi TT1 PTICinil 

oUcll Ulllli LillllCllolCll 
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\ 1v1 p J P eN 


48 


1 


\ iv1 p )pen 


49 


o 
z 


/ M 5,lx(18) 


ou 


Q 
O 


CM 4 '°) (19) 
\ m p ) P eN 


U 1 


A 


/ M 3,lx(16) 




5 


fM„ 4 '°) (20 2 


69 


6 


v jw p JpeN 


54 


7 


(M„ 6 ' 2 ) (12 2 
v jw p /peN 


87 


Q 
o 


\ M v ) P eN 


ou 


Q 




^7 


in 




oo 


11 




59 


12 




76 


13 




77 


14 


\ m p Jpen 


78 


15 


\ m p )pen 


47 



From dimension 72 onwards every congruence class modulo 16 can be re- 
alised by one of the given spaces. So we are done. □ 

Clearly, this theorem is far from being optimal and can easily be improved 
by just stepping through table 2 or by doing explicit calculations — see appen- 
dix A. Indeed, in the proof we have found non-formal homogeneous spaces 
in dimensions 

47, 48, 49, 50, 52, 54, 56, 57, 58, 59, 63, 64, 65, 66, 67, 68, 69, 70 

and from dimension 72 onwards. 

We remark that one clearly may use other non-formal series like 
Sp(n)/SU(n) in order to establish similar results. Since the number of 
partitions of a natural number n G N is growing exponentially in n, one will 
find many stabilisers sharing their maximal tori with SU(n). 

As we pointed out, compact homogeneous spaces are rationally elliptic. 
Thus the question that arises naturally is: In which dimensions are there 
examples of non-formal elliptic simply-connected irreducible compact man- 
ifolds? 
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3. Proof of proposition D and formality in fibrations 

Before we shall provide a direct and simple proof of proposition D, let us 
first see how the result follows from a much more general approach. Using 
relative obstruction theory we prove in [3] (see theorem A, p. 4) 

Theorem 3.1. Let 

F ^ E U B 

be a fibration of simply- connected topological spaces of finite type. Suppose 
that F is elliptic, formal and satisfies the Halperin conjecture. Then E is 
formal if and only if B is formal. 

Moreover, if B and E are formal, then the map f is formal. 

We may apply this to the fibration 

H/T H G/Th -> G/H 

which is totally non-cohomologous to zero. Indeed, the rational Leray-Serre 
spectral sequence of this fibrations degenerates at the .E^-term, since homo- 
geneous spaces satisfy the Halperin conjecture. (Recall that this conjecture 
states exactly this degeneration for arbitrary fibrations of simply-connected 
spaces with an elliptic fibre of positive Euler-characteristic.) 

However, the proof of this result draws on several additional results and 
can be simplified a lot in our special case. Thus it seems worth while to 
provide a direct argument. 

By Tjj C H we denote the maximal torus. We shall consider the inclusions 
h : H^G,i 2 : T H ^ G and i 3 : T H ^ H. 

PROOF of proposition D. The space G admits a minimal Sullivan 
model of the form (AV, 0) with V = V odd of finite dimension; a minimal 
model of H is given by (AW H ,0) with finite dimensional W H = W^ dd . 
Equally, we have a minimal model for Tjj given by (AWt,0) with finite di- 
mensional Wt = W\. Thus a model of G/H is given by (AW^ 1 <g> AV, di) 
and a model for G/T is given by (AW^ 1 AV, d 2 )— see [8] p. 218. (By the 
superscript +1 we denote a corresponding degree shift, as usual.) 

Both in the case of G/H as well as for G/Th we see that the corresponding 
Sullivan models are pure algebras: The differential d € {di,d2} in each 
case has the property that = (as (AW +1 ,0) forms a differential 

subalgebra) and that d|Ay € APV +1 by [8] p. 217. This directly yields a pure 
filtration. Clearly, the corresponding minimal models then are pure, too. 

The differentials are given by d\v = H(Bi\)(v +1 ) (for v £ V and in 
the case of G/H) respectively by d 2 v = H(Bi2)(v +1 ) (for G/Th). Since 
H*(BH) = H*(BT H ) W ( H \ i.e. the cohomology of the classifying space of 
a Lie group consists of the invariant polynomials in the cohomology of the 
classifying space of the maximal torus under the action of the Weyl group, we 
derive the following: The map H*(Bi3) induced by the inclusion i%: Tjj 
H is also just the inclusion in this setting. Consequently, on the level of 
differentials we obtain 

(22) d 2 v = H(Bi 2 )(v +1 ) = H(B(i 3 o h)){v +1 ) = H(Bi 3 )(d lV +1 ) 
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Thus we may identify the differentials di and d2 from the models for G/H 
and for G/Tjj- This will allow us to deduce that one space is formal if and 
only if so is the other: 

First assume G/Th to be formal. By lemma 1.5 and theorem [8]. 14. 9 we 
obtain the decomposition 

(23) (AWg ® V, d 2 ) * (A^, d) ® (A(zi, . . . , zi), 0) ® (C, d) 

where (AV',d) is minimal of positive Euler characteristic and where (C, d) 
is a contractible algebra. Due to the formality of G/T}j we obtain that 
(y') c «m = (y/)odd_ gince we may identify the differentials for G/H and 

G/Th as above, we derive a similar splitting 

(24) (AW+ 1 ® V,di) = (AF", d) ® (A<4, . . . , 4), 0) ® (C, d) 

Indeed, by the constructions in the proofs of lemma 1.5 and theorem [8]. 14. 9, 
the right hand side is contained in the left hand side and the isomorphism is 
rather an equality. Thus decomposition (24) can be established in analogy 
to decomposition (23) considering the following arguments: It might happen 
that the image d\(a) of an element a G V has an element b from W^ 1 as 
a non-trivial summand. In this case, both elements a, b — with deg a being 
odd and deg b being even — may be taken to lie in C' . (In particular, the 
element a does not lie in V" .) Thus the dimension of V" may be smaller 
than the dimension of V' . However, the Euler characteristic is preserved, 
i.e. X (V") = X (V) = 0. 

Note that the free part (A(zi, . . . , zi), 0) = (A{z[, . . . , z[,), 0) is not altered, 
since an element with non-trivial differential in (AV',d) has non-trivial dif- 
ferential in (24) and vice versa due to (22). 

Consequently, we have that deg(y") even = deg(y") odd and the minimal 
model of G/H splits as in lemma 1.5. In other words, the space G/H is 
formal. 

Conversely, given the formality of G/H and the splitting (24), the decom- 
position (23) can be derived by an analogous inverse process again preserving 
the Euler characteristic xty") = x(V') = 0- This yields the formality of 
G/T H . □ 

Corollary 3.2. A biquotient G//H is formal if and only if G//Th is formal. 

□ 

There are several questions which may be stated to further explore the 
Halperin conjecture in the context of formality and ellipticity. One is 

Question 3.3 (Lupton [19], p. 18). Let F ^ E — > B be a fibration in which 
F is formal and elliptic and B is formal. If E is formal, then is the fibration 
totally non-cohomologous to zero? 

A partial positive answer in the case of odd dimensional spheres as a base 
is given in proposition [19]. 3. 3, p. 11. 

Although, in general, this question can be trivially answered in the neg- 
ative via the example of the universal fibration G ^ EG — > BG where 
G is a non-trivial Lie group together with its classifying space BG, it is 
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certainly worth while to impose further conditions on B, for example, and 
to investigate this question and related ones in this context. However, the 
question can also be answered in the negative if ellipticity on the base space 
is imposed. Here the Hopf bundles S 1 ^ S 3 -»• S 2 or S 3 ^ S 7 -»• S 4 (for the 
simply-connected case) may serve as an example. 

Any positive answer to question 3.3 might be considered as a partial 
converse to theorem 3.1 in a certain sense. 



Appendix A. A computational example 

Let us illustrate a showcase computation by which we reprove the non- 
formality of su(3)xsu(3) v ^ a a direct computation. This serves the following 
purposes: 



• We illustrate how direct computations as in the proof of proposition 
1.8 work. 

• We show that any sort of sufficiently "small" respectively low-dim- 
ensional example can easily be provided. And most important of 
all: 

• We illustrate how fast the complexity of computations increases mak- 
ing it absolutely necessary to provide general principles as we did. 



We construct a model for the homogeneous space according to theorem 
[9]. 3. 50. A minimal Sullivan model for the Lie group SU(n) is given by 
A«x 2 , X3, . . . , x n ), 0) with degXi — 2i — 1; a Sullivan model for the clas- 
sifying space BSU(rifc) (with > 2) is given by the polynomial algebra 
(A(c2, • • • , c nk ), 0) with degCj = 2i. We obtain a model 



/ SU(n) 
PL VSU(m) x ••• x SU(n fc )' 
(25) ^A((4 . . . , <4 , c 2 2 , . . . , c 2 2 , . . . , 4, . . . , c k nk ) (8) (x 2 , ...x n ),d) 



with degc| = 2i,degXj = 2i — 1. The differential vanishes on the c- and 
dxi = H* (B(4>))yi, where y« is the generator of BSU(n) corresponding to 
Xi and 4> is the blockwise inclusion map SU(ni) x • • • x SU(nfe) ■— > SU(n). 
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Note that we may take the c? for the i-th universal Chern classes of 
BSU(nj). Thus blockwise inclusion of the SU(nj) yields the following equa- 
tions 

k 

d{x 2 ) = J2 C 2 
i=l 

k 

d(^3) = E C 3 
i=l 

k 

d(x 4 ) = 24 + J^44 

i=l i^j 

d(x i ) = (c 1 c k )\ 2t 

d(x n ) = c ni c„ fc 

which become obvious when writing the Chern classes as elementary sym- 
metric polynomials in elements that generate the cohomology of the clas- 
sifying spaces of the maximal tori. By d we denote the total Chern class 
1 + c? 2 + C3 + • • • + chj of SU(nj) and by \ 2 i the projection to degree 2i. 

In the case k = 2, m = n 2 = 3 we obtain a model (AV, d), where the 
graded vector space V is generated by 

c, c' , d, d' deg c = deg d = 4, deg d = deg d' = 6 

^2,^3,^4,^5,^6 degx 2 = 3, degx 3 = 5, degx 4 = 7, deg 25 = 9, 
degx 6 = 11 

The differential is given by 

dc = dc = dd = dd' = 

dx 2 = c + d, dx% = d + d', dx 4 = c • d, dx§ = d ■ d + d! ■ c, dx6 = c • d' 

Thus the cohomology algebra of this algebra is given by generators 

e, e , y, y' deg e = 4, deg e' = 6, deg y = 13, deg y = 15 

and by relations 

e 2 = e • d = e' 2 = y ■ e = y 2 = y ■ y' = y' 2 = y' ■ d = 0, y ■ d = —y' ■ e 

Hence Betti numbers are as follows: 

b = 64 = 6 6 = 613 = 615 = 619 = 1 

with the remaining ones equal to zero. 

Using the construction principle from [8]. 12, p. 144-145, we compute the 
minimal model for this algebra. On generators it is given by 

e, d,x, x',x" dege = 4, dege' = 6, degx = 7, degx' = 9, degx" = 11 

The differential d is given by 

de = dd = 0, dx = e 2 , dx' = e ■ d, dx" = d 2 
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It is easy to check that the Massey product (e, e, e') is non-trivial. So 
su(3^xsu(3) ^ S not f° rma l — see proposition [9]. 2. 90, p. 94. 

We remark that the spaces SU(4)/(SU(2) x SU(2)) and SU(5) /(SU(2) x 
SU(3)) are formal as a straight-forward computation shows. 
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